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I. INTRODUCTION
One of the outstanding problems in contemporary physics is the detection of the gravitational waves predicted by Einstein in his General Relativity Theory [1] . The detection of such waves presents a challenge to the experimentalists who have to monitor extremely small fluctuations in the position of macroscopic bodies [2] . The sensitivity planned for the future generation of detectors, will bring us close to the limits imposed by quantum mechanics [3] .
It is our purpose in this paper to examine in detail the determination of quantum limits for free masses and for the harmonic oscillator, subjected to thermal fluctuations. We rely on the methods developed by several authors to analyse the quantum mechanics of a system in interaction with its environment [4] .
We differ in this respect from Braginsky [3] who uses a two step procedure in order to obtain the quantum limits, firstly considering the limits imposed by the uncertainty principle on an isolated system, not subjected to thermal fluctuations and then in the second step looking at the same system, this time behaving classically but interacting with the environment.
This procedure neglects the fact that the system is always in contact with the environment. We remove this asymmetry treating the system quantum mechanically and subjected to thermal fluctuations from the very beginning.
We want to investigate the conditions under which the quantum behavior of a macroscopic body cannot be ignored or equivalently for our problem,when classical behavior sets in.This problem has become of importance in recent studies of quantum cosmology [5] as well as in the quantum theory of the measurement process [6] . The concept of decoherence arising from these studies will be central in our considerations. The way we see the onset of quantum behavior of a macroscopic body is related to the decoherence time scale in the following way : A macroscopic test body must be treated quantum mechanically if the time interval during which a measurement of some of its observables is made, is smaller than the decoherence time.
In section II we briefly review the concept of decoherence as used by Zurek and collaborators [7] . In section III we use the decoherence time scale in order to obtain the conditions for quantum behavior of a macroscopic body in two cases : the harmonic oscillator and the free mass (free in the sense it is not subjected to an external field but, of course, in contact with a reservoir). We end section III with a criticism of Braginsky's derivation of the quantum condition for a free mass. In section IV we conclude the paper outlining some future and open problems.
II. DECOHERENCE TIME SCALE
When a system interacts with a thermal reservoir, it is usual to analyse its evolution in terms of the reduced density matrix (ρ r ), obtained by coarse graining from the full density matrix (ρ) for the system plus reservoir. This coarse graining is effected by tracing out the degrees of freedom of the environment :
where E refers to the environment variables.
Modelling the reservoir as an ensemble of harmonic oscillators interacting weakly with the system, it is possible to approximate the system-reservoir coupling by a linear interaction.
This system can be studied by functional methods following the pioneering approach of Feynman and Vernon [8] who showed that the effect of the reservoir on the time evolution of the system is summarized in a functional, the so-called influence functional [9] .
Caldeira and Leggett [4] investigated in detail the functional approach to the quantum Brownian motion showing that the reduced density matrix ρ r obeys, in the high-temperature limit, for an ohmic environment, a master equation which is of the following form :
In the last equation H R is the renormalized self-Hamiltonian of the system, γ −1 the relaxation time, T the temperature.
Zurek et al. [7] introduced the linear entropy
in order to make quantitative the notion of the decoherence as measured by the vanishing of off-diagonal terms in ρ r , which are responsible for the interference effects.
Using the master equation (Eq. (2)) for an initially pure state that remains approximately pure during the course of its evolution -a good approximation for a system with small dissipation -it is easy to show that :
where D ≡ 2mγk B T /h 2 , and (∆x) 2 is the mean square deviation of the position of the system.
This defines a decoherence time scale [*] , given by :
which provides a measure for the amount of time required for the quantum system to start achieving classical features.
In the following section we establish our criterion for obtaining the conditions under which a macroscopic body will behave quantum mechanically.
III. THE LIMITS
Let us now apply the above concepts in order to obtain the quantum limits for two systems, the free mass, relevant to laser interferometric antennas, and the harmonic oscillator, relevant to mechanical bars.
A. Free Mass
The quantum limit is obtained when (∆x) 2 in Eq.(4) becomes of the same magnitude as the uncertainty arising from Heisenberg's principle, when applied to successive measurement of the position of the free mass separated by a time interval τ . This quantum mechanical uncertainty is given by [11] (∆x) 2 ≈h τ m
Inserting (5) into the expression for τ D ( Eq. (4) ), we obtain
If τ D is greater than the time interval between two successive measurements, τ , the system must be treated quantum mechanically. When this happens we obtain the quantum
Since γ −1 is the relaxation time of the system (τ * ), Eq. (7) can be rewritten in the more usual formh
which is the limit obtained by Braginsky [3] , who arrived at this result by a somewhat obscure path, as we will make explicit later on.
B. Harmonic Oscillator
For a harmonic oscillator of fundamental frequency ω, the Heisenberg uncertainty principle gives [11] (∆x) 2 ≈h 2mω (9) for a measurement time of the order of the period of the harmonic oscillator τ ≈ 2π ω .
Replacing (9) into (4) leads to
Imposing τ D > τ gives the quantum limit for the oscillator
A similar result was obtained by Braginsky [3] , only differing from (11) by a numerical factor.
Having shown how to obtain the quantum limits in an internally consistent way, which takes into account both quantum and thermal fluctuations, we now raise one further objection to the derivation by Braginsky of the quantum limit for a free mass.
The authors of reference [12] use as the starting point Nyquist's theorem which gives for the spectral density [**] of the fluctuating force the result :
Then they use this fluctuating force properly integrated over a range of frequencies ∆ω ≈ τ −1 to find the displacement of the particle x = x 0 + 1 2 at 2 under a constant acceleration given by
which then gives for the displacement
This result is in disagreement with a standard treatment of the classical Brownian particle [13] . Of course the latter treatment refers to the mean square deviation of the position of the particle, which as a matter of fact is what is monitored in gravitational wave antennas [2] , while Braginsky considers a displacement to be later on compared with a fluctuation (from Heisenberg's principle).
Finally we remark that when Braginsky considers the harmonic oscillator, the classical part is treated in the right way, as a fluctuating Brownian particle in the potential of a harmonic oscillator.
IV. CONCLUSIONS
We have obtained the conditions for the quantum behavior of a macroscopic body using a decoherence analysis, which treats the systems quantum mechanically from the very beginning, thus removing some inconsistencies present in previous treatments of the subject.
Zurek et al. showed [10] through a numerical study of the time evolution of the Wigner function that the decoherence time scale defined by Eq. (4) is still valid even at low temperatures.
It is important to stress that we do not propose the master equation (Eq. (2)) for describing the time evolution of a mechanical gravitational wave antenna for two reasons; firstly as it operates at small temperatures [2] and secondly because the dissipation mechanism for such antennas is fairly complicated [12] hardly being ohmic. We have considered in this paper a simplified model for a Weber bar and exploited some of the consequences of Eq. (2) for the quantum limits of such a system.
We are currently working on an analysis of quantum non-demolition measurements [14] , taking into account dissipative effects.
